Equations of state (EOS) are proposed for a system consisting of a perfect solid and a perfect liquid made up of single spherical molecules. The Lennard-Jones interaction is assumed for this system. Molecular dynamics simulations are performed to determine the temperature and density dependences of the internal energy and pressure. The internal energy term in the EOS is the sum of the average kinetic and potential energies at 0 K and the temperature-dependent potential energy. The temperature-dependent term of the average potential energy is assumed to be a linear function of the temperature and its coefficient is expressed as a polynomial of the number density. The pressure is expressed in a similar way, where the pressure satisfies the thermodynamic EOS. The equilibrium condition is solved numerically for the phase equilibrium of argon. The Gibbs energy gives a reasonable transition pressure for three-phase equilibrium in argon. The thermodynamic properties at low pressures have significant temperature dependences.
Introduction
Many studies have obtained the equation of state (EOS) for the fluid phase of a Lennard-Jones system [1, 2] . Such studies are based on molecular dynamics (MD) and Monte Carlo (MC) simulations in the equilibrium state [3] . The EOS obtained was used to investigate the gas-liquid equilibrium. Phase equilibria have been studied by both equilibrium and non-equilibrium molecular simulation techniques [4] [5] [6] [7] [8] [9] [10] [11] , which give good ac-
curacies.
In contrast, we propose a simplified EOS for simplifying the understanding and the treatment of free energy calculations for the three-phase equilibrium in an argon system. The internal energy U of this simplified model for a perfect solid is composed of the average kinetic energy and the average potential energy U e at 0 K of a face-centered cubic (FCC) lattice [12] : e 3 ( , )
The pressure p is given by [12] :
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The temperature-dependent virial term is included in an extended model [12] :
This EOS for a solid and the van der Waals equation can explain the three-phase equilibrium in an argon system [13, 14] .
A previous study (v3) proposed a new EOS for the liquid phase based on MD simulations [15] . It includes the temperature dependence of the average potential energy:
density to express the complex density dependence of the average potential energy. It is thus a modified version of the EOS given in our previous study. It is expected to give improved agreement between calculated and observed thermodynamic quantities.
Analysis of MD simulations
MD simulations [3] are performed to obtain the temperature and density dependences of the internal energy and pressure.
The molecular interactions of the present spherical molecules are assumed to have the Lennard-Jones form [16] . The Lennard-Jones potential, u (r) is expressed as a function of the interatomic distance r: 12 6 ( ) 4 , u r r r
where ε is the depth of the potential well and σ is the separation at which u (σ) = 0. The constants ε and σ are used as units of energy and length, respectively (Table 1 ).
NTV ensemble [3] simulations are performed at many fixed number densities (N/V) for a system with N = 256 and a sufficiently long cut-off distance. Figures. 1 and 2 show examples of the simulation results [15] . The average potential energy U e and the pressure p of each phase are fitted by linear functions of the temperature, T:
The coefficients a (U e ) and a (p) are shown in Figures. 1 and 2 .
They are expressed by the function h (v):
Here, v is the volume per molecule:
Equation of state
The present EOS has the following form [15] : ( ,0 K) 0.94215515
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In this study, the potential energy of the solid at 0 K includes an adjustable parameter that is chosen as in Eq. (12) to reproduce the triple point. These EOS are called EOS for a perfect solid and liquid.
The last term in Eq. (11) is included to ensure that Eqs. (10) and (11) satisfy the thermodynamic EOS [16] .
The entropy S is written as [15] :
Phase equilibrium in T-p space
The condition of the phase equilibrium between phases 1 and 2
in T-p space is expressed by:
Since the EOSs are known to be functions of volume and temperature, this equation can be solved numerically [12, 13] . An example is shown in Figure 3 at the triple point. The adjustable parameter in the average potential energy of solid at 0 K is chosen to reproduce the observed triple point of argon [16] . The thermodynamic properties are compared for the experimental and simulation results given in Table 2 . The calculated properties are reasonable.
The liquid-gas critical point is determined by numerically solving the following Eq [15, 17] : [16] and that determined by molecular simulation [8] . The calculated critical temperature agrees well with the experimental [16] and simulation results [8] . In addition, the EOS critical pressure is higher than that observed experimentally. The critical molar volume is close to the experimental results [16] . The comparison is satisfactory with respect to the critical constants.
The transition pressure is plotted as a function of temperature in Figure 4 and compared with the experimental [18] [19] [20] [21] [22] and simulation [2, [4] [5] [6] [7] [8] [9] [10] [11] results for argon. The pressure is plotted on a logarithmic scale due to its very wide range. The overall transition pressure for argon is well reproduced as a function of temperature. slightly from the simulation results at high temperatures. Some differences in the gas-liquid transition region found in our previous study [15] are reduced in the present study. 
The main feature of the phase equilibrium line in the solidliquid transition is that the configurational entropies are almost constant as a function of temperature. This feature is reasonably well reproduced; therefore, the overall features of the configurational entropy by the EOS are in agreement with the simulation results [10] . We intend to improve the differences in the liquid phase below the critical point in a future study. 
These results are also compared with the simulation results [2, 10, 11] . The average potential energies of the solid, liquid, and gas generally correspond well with the simulation results.
However, the average potential energies at liquid-solid equilibrium differ slightly from the observed results [10, 11] ; we intend to investigate this in a future study. Finally, Figure 9 compares A c at the solid-gas-phase boundary with that from the MC simulation [10] .
The EOS (v4) gives
A c values on the solid-gas-phase boundary that are comparable with those of the MC simulation [10] .
Thermodynamic properties at a constant pressure
This section considers thermodynamic quantities at low pressures by comparing the EOS and simulation results.
The Gibbs energy is plotted in Figure 10 as a function of temperature at P = 2 atm =6.25 × 10 −3 ε/σ 3 . This is compared with the Kolafa-Nezbeda (KN)-EOS determined from many simulation results for the Lennard-Jones system [2] . As Figure 10 is Considering that the calculated pressure at the triple point is higher than the experimental one (Table 2) , the above temperatures are reasonable. Figure 11 shows the volume per molecule as a function of temperature at P = 2 atm. This is compared with the present MD results and the KN-EOS [2] . The MD simulation is performed on an 864-particle system using a standard NTP ensemble [3].
This comparison demonstrates that the present simple EOS is useful.
The internal energy is plotted as a function of temperature at P = 2 atm in Figure 12 . The comparison on the internal energy is satisfactory, as was the case for the volume. Figure 13 shows the enthalpy per molecule as a function of temperature at P = 2 atm. The calculated enthalpy is in agreement with the simulation results for the Lennard-Jones system.
The KN-EOS is better than the present EOS in the liquid phase The Helmholtz energy per molecule is shown in Figure 14 and the entropy per molecule is depicted in Figure 15 . The tained by the MD simulation and the KN-EOS [2] , which is a problem we intend to consider in a future study.
Thermodynamic consistencies
The thermodynamic consistencies were examined using the following thermodynamic Eq [16] : Figure 10 . Gibbs energy per molecule vs. temperature at p = 2 atm. Comparison of EOS and simulation results [2] . The melting point is 0.750 ε/k and the boiling point is 0.787 ε/k. Figure 11 . Volume per molecule vs. temperature at p = 2 atm.
Comparison of EOS and simulation results [2] , including MD simulation of this study. Comparison of EOS and simulation results [2] , including MD simulation of this study.
( )
The LHS and RHS of Eq. (22) are shown in Figure 19 for the three phases at P = 2 atm. No specific problems were encountered with the thermodynamic consistency.
Numerical calculations
Several worksheets were prepared to perform the numerical calculations, as shown in Table 4 . To obtain plots (such as that shown in Figure 3 
Conclusions
The phase transitions in the three phases of argon are well reproduced by EOSs for a perfect solid and liquid v4. EOS v4 for a perfect solid and liquid is given by Eqs. Comparison of EOS and simulation results [2] . Figure 16 . Thermal expansion coefficient vs. temperature at p = 2 atm. Comparison of EOS and simulation results [2] , including MD simulation of this study. Figure 17 . Isothermal compressibility κ T vs. temperature at p = 2 atm. Comparison of EOS and simulation results [2] , including MD simulation of solid phase of this study.
EOS v4. Optimization of these parameters is expected to give better results that are closer to the experimentally observed results. The EOSs for a perfect solid and liquid have a simple analytic form. The set of these EOSs is expected to be employed for teaching thermodynamics in physical chemistry courses. Figure 19 . Thermodynamic consistency test (Eq. (22)). 
